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The disentangling power of unitaries
Lieven Clarisse,1,  Sibasish Ghosh,2, y Simone Severini,1, 3, z and Anthony Sudbery1, x1Dept. of Mathematics, The University of York, Heslington, York YO10 5DD, U.K.2The Institute of Mathematical Sciences, C.I.T Campus, Taramani, Chennai 600 113, India3Dept. of Computer Science, The University of York, Heslington, York YO10 5DD, U.K.
We dene the disentangling power of a unitary operator in a similar way as the entangling powerdened by Zanardi, Zalka and Faoro [PRA, 62, 030301]. A general formula is derived and it isshown that both quantities are directly proportional. All results concerning the entangling powercan simply be translated into similar statements for the disentangling power. In particular, thedisentangling power is maximal for certain permutations derived from orthogonal latin squares.These permutations can therefore be interpreted as those that distort entanglement in a maximalway.
PACS numbers: 03.67.-a, 03.67.Mn
I. INTRODUCTION
The entanglement of two quantum systems is gener-ally recognised to be a valuable resource. The ability tocreate or destroy entanglement is therefore an importantproperty of a unitary operator on the combined system.There are a number of ways to quantify this property; twosuch measures have been introduced in [1] and [2]. In therst of these, the entangling power of a unitary operatoronH1
H2 is dened to be the average entanglement cre-ated by the operator when acting on a separable state;in the second, the same phrase is used for the maximumincrease in entanglement produced by the operator whenacting on any state, with the possible use of ancillarysystems. The rst type of entangling power was inves-tigated for the case dimH1 = dimH2 = d in [3], whereit was found to be possible to identify maximally entan-gling unitary operators for all d except d = 6. The secondtype was investigated in [2], in which the notion of dis-entangling power was also introduced and it was shownthat this need not be equal to the entangling power. Itfollows that this denition of the power of a unitary doesnot allow us to order unitary operators according to theircapacity to aect entanglement.
In this note we examine this question in terms of therst denition of entangling power. We nd that this, un-like the second denition, leads to the conclusion that thedisentangling power of any bipartite unitary operator isproportional to its entangling power. Thus the unitarieswith highest entangling power also have highest disentan-gling power; in [3] these were identied as permutationswhich correspond to orthogonal Latin squares.
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II. ENTANGLING POWER OF UNITARIES
In this section we briey review the denitions andresults of Ref. [1, 4] in the notations of Ref. [3].Let HA, HB and H = HA 
 HB be Hilbert spaceswhere dimHA = dimHB = d. As pure state entangle-ment measure we use the normalized linear entropy SL()of the reduced density matrix. It is dened as
SL(j i) := dd  1(1  Tr 2); where  = TrB j ih j;
for j i 2 H. We dene the entangling power (U) of aunitary U 2 U(H) = U(d2) as the average amount ofentanglement produced by U acting on a distribution ofproduct states:
(U) := Zh 1j 1i=1
Z
h 2j 2i=1 SL(U j 1ij 2i)d 1d 2;(1)where d 1 and d 2 are normalized probability measureson unit spheres.With each operator X on H = H1 
H3 we can asso-ciate a state vector jXi in H
H = H1 
H2 
H3 
H4as
jXiAjB = jXi12j34 := (X13 
 I24)j	+i13j24; (2)
where
j	+i13j24 = 1d
dX
i;j=1 jiji13 
 jiji24
and I stands for the identity operator. It easily followsthat SL(jIi) = SL(jSi) = 1, with S = Pdij jijihjij theswap operator. This isomorphism allows us to rewriteequation (1) in a form that requires no averaging, as inthe following theorem.
Theorem 1 (Zanardi [4]) The entangling power of a
unitary U 2 U(H) is given by
(U) = dd+ 1[SL(jUi) + SL(jUSi)  SL(jSi)]: (3)
It follows that 0  (U)  dd+1 .
2
The maximum (U) = d=(d + 1) is reached for spe-cial permutations (except for d = 2; 6) constructed fromorthogonal latin squares, see Ref. [3].
III. DISENTANGLING POWER OF UNITARIES
With this we dene the disentangling power of a uni-tary U 2 U(H) = U(d2) as
(U) := 1  ZV 2U
Z
W2U SL(U(V 
W )j +i)dV dW; (4)
where V;W 2 U(d), dV; dW are the Haar measure onU(d) and j +i = 1pdPdi=1 jiii. Thus, the disentanglingpower of a unitary is dened as the average decrease ofthe entanglement of the states obtained by applying theunitary on random maximally entangled states. Notethat we could have chosen V = I, but for what follows,the above form is easier to work with.Following a similar strategy as in [1, 4] we now presentthe analogue of Theorem 1 for the disentangling power.
Theorem 2 The disentangling power of a unitary U 2U(H) is given by
(U) = 1d  1 [SL(jUi) + SL(jUSi)  SL(jSi)]: (5)
Proof. (sketch) In a rst step, we can rewrite Equation 4in a similar form to Equation (3) from Ref. [1]. Themethod of doing so is completely analogous; one obtains
(U) = 1d  1
dTr((U12 
 U34)
(U12 
 U34)y
(S13 
 I24))  1] ; (6)
with

 = ZV;W2U (V1 
 V3 
W2 
W4)P+13j24(V1 
 V3 
W2 
W4)ydV dW: (7)
Here, we have introduced four subsystems, and subscriptsdenote on which subsystem the operators act. We usedP+13j24 to denote the maximally entangled state betweensubsystems 13 and 24. Integrals of this form can be eval-uated using the fact that V 
 V -invariant operators are
linear combinations of I and S; see Ref. [5]. This partic-ular integral was evaluated as (see Equation (27) in Ref.[5])

 = 2d3(d2   1) [(d  1)P+13 
 P+24 + (d+ 1)P 13 
 P 24]
= 1d2(d2   1) [I13 
 I24 + S13 
 S24]
  1d3(d2   1) [S13 
 I24 + I13 
 S24]: (8)According to Equation 6 in Ref. [4] we have
SL(jUi) = d2d2   1
1  1d4 Tr((U12 
 U34)(S13 
 I24)  (U12 
 U34)yS13 
 I24): (9)
Substituting Equation (8) in Equation (6) and usingthe above expression for SL(jUi) one obtains readilyEquation (5).From this theorem follows that
(U) = d+ 1d(d  1)(U); (10)
so that the entangling power is proportional to the disen-tangling power. With this in mind, all results for the en-tangling power can simply be translated into statementsof the disentangling power. For instance we have thefollowing analogue of Theorem 4 and its Corollary fromRef. [3].
Theorem 3 The maximum value of the disentangling
power (U) over all unitaries is achieved for the unitaries
with maximum entangling power. For d 6= 2; 6 this max-
imum value is given by
(U) = 1d  1 ; (11)
and can be attained by permutation matrices only.
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